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We consider the properties of the Moore-Read Pfaffian state under particle-hole conjugation. We
show that the particle-hole conjugate of the Pfaffian state - or “anti-Pfaffian” state - is in a different
universality class from the Pfaffian state, with different topological order. The two states can be
distinguished by both their bulk and edge physics though the difference is most dramatic at the
edge: the edge of the anti-Pfaffian state has a composite structure that leads to a different thermal
Hall conductance and different tunneling exponents than the Pfaffian state. At the same time, the
two states are exactly degenerate in energy for a ν = 5/2 quantum Hall system in the idealized
limit of zero Landau level mixing. Thus, both are good candidates for the observed σxy =
5
2
(e2/h)
quantum Hall plateau.
Introduction: The Moore-Read Pfaffian (Pf) state [1]
is believed to be a strong candidate for the observed
quantum Hall plateau with σxy =
5
2
(e2/h). [2] This
possibility is particularly exciting since the quasiparti-
cle excitations in this state carry non-abelian statistics.
Much work has been devoted to understanding the ba-
sic physical properties of the Pf state. However, one
aspect of the Pf state has not been addressed - namely,
its behavior under particle-hole (PH) conjugation of elec-
trons in the spin-aligned partially occupied second Lan-
dau level. This issue is important because, to a good
approximation, the Hamiltonian of ν = 5/2 FQH system
is symmetric under this PH conjugation. Indeed, this
symmetry is exact if one considers a model with no Lan-
dau level mixing, complete spin alignment in the second
Landau level, only two body interactions, and precisely
one-half electron per flux quantum.
On the other hand, the Pf state is not particle-hole
symmetric: it is the exact ground state of a three body
Hamiltonian that explicitly breaks particle hole symme-
try. [3] Therefore, if the ground state of the idealized
ν = 5/2 model is well represented by the Pfaffian (as nu-
merical studies suggest [4, 5]) then we are led to an inter-
esting conclusion: this model must spontaneously break
PH symmetry. In addition to the Pfaffian state, there
must be another exactly degenerate ground state: the
particle-hole conjugate of the Pfaffian, or “anti-Pfaffian”
(APf) state.
We shall argue below that the Pf and APf states rep-
resent topologically distinct phases: one cannot go from
one to another (at T = 0) by varying a parameter (such
as the sign of three-body interaction) without encounter-
ing a phase transition. The easiest way to demonstrate
this is to consider the “edges” of the two states; i.e., the
boundary between these states and the “vacuum” ν = 2
state. We shall see that the edge structure is necessarily
different for the two states. (The underlying PH sym-
metry implies, however, that the boundary between a
Pf -like ν = 5/2 state and ν = 3 is equivalent to the edge
between an APf -like ν = 5/2 state and ν = 2, and vice
versa).
Of course, exact PH symmetry is only a property of
the idealized model at Landau level filling factor f = 5/2.
In the real system, there will be terms which break the
symmetry, such as three-body interactions which arise
in second-order perturbation theory from Landau-level
mixing. The sign of these symmetry breaking terms is
not currently known, but presumably they favor one of
the two states, Pf or APf , at f = 5/2. If the symme-
try breaking terms are large enough, they may stabilize
one of these states throughout the entire range of filling
fractions (roughly 2.49 < f < 2.51 ) where the ν = 5/2
Hall plateau has been observed.
On the other hand if the symmetry-breaking terms are
small, there may be a phase transition between Pf and
APf somewhere in the range 2.49 < f < 2.51. Indeed,
away from f = 5/2, there will be a net concentration
of localized quasiparticles or quasiholes, which presum-
ably have different energies in the Pf and APf states.
This energy difference can overcome the splitting due to
symmetry-breaking for sufficiently large deviations from
half-filling. A natural guess for the sign of this effect is
that quasiholes have lower energy in the Pf state, (since
the Pf edge has a simpler edge structure, as we shall
see below) while quasiparticles have lower energy in the
APf state. Such an asymmetry favors Pf for f < 2.5
and APf for f > 2.5.
If there is a phase transition at a filling fraction fc in
range 2.49 < f < 2.51, then taking disorder into account,
one might expect there to be a region close to fc where
both phases exist, with a network of domain walls sep-
arating them. The energy gap for charged excitations
should be reduced, or perhaps vanish, near these walls,
which should lead to a peak in the resistivity for f ≈ fc.
To the best of our knowledge, such a resistivity peak in
the middle of the ν = 5/2 Hall plateau has not been seen
in existing experiments. This suggests that one of the
two states, Pf or APf , has been stabilized throughout
the region.
In the remainder of this letter, we address the most
important differences between the Pf and APf states.
We analyze the APf edge and show that it has differ-
ent thermal Hall conductance KH and different tunnel-
ing exponents from the Pf edge. In addition, while the
quasiparticles in the Pf and APf states have similar
non-abelian statistics, we show that they differ in their
detailed structure - another demonstration that the two
states are topologically distinct.
Thermal Hall conductance: In this section we show
that the APf edge has a different thermal Hall conduc-
2tance than the Pf edge - implying that the two states
have different topological orders and are in different uni-
versality classes.
The definition of the thermal Hall conductance is sim-
ilar to the electric Hall conductance. Just as an electric
current flows when the top and bottom edges of a quan-
tum Hall bar are at different voltages, there will gener-
ally be a net transport of energy along the Hall bar when
the top and bottom edges are at different temperatures.
The thermal Hall conductance is defined by KH =
∂JQ
∂T ,
where JQ is the thermal energy current carried by the
edge modes.
The thermal Hall conductance is an important quan-
tity because, like the electric Hall conductance, it is uni-
versal. It is insensitive to interactions and disorder at
the edge and depends only on the topological order of
the bulk quantum Hall states. [6, 7] Indeed, conserva-
tion of energy implies that if there is an energy gap in
the bulk, KH cannot vary from one region of a Hall bar
to another (unless there is a phase boundary with low
energy excitations which crosses from one edge to the
other).
In addition, it is simple to compute once one knows the
edge theory. One can show that each chiral boson edge
mode gives a contribution ±pi2k2B
3h T to the thermal Hall
conductance, with the sign determined by the direction
of propagation. A Majorana fermion mode if present,
contributes half as much as a boson mode.
To proceed further we now construct an edge theory
for the APf edge. As we are only interested in univer-
sal quantities at the moment, we may use the simplest
possible model for the edge. We consider only electrons
in the second Landau level so we discuss a model for
the edge between ν = 0 and ν = 1/2. In the simplest
model we assume there is a narrow region of filling frac-
tion ν = 1 separating the ν = 1/2 APf bulk and the
ν = 0 vacuum. In this scenario, the edge theory can be
decomposed into two pieces - an (APf , ν = 1) edge and
a (ν = 1, ν = 0) edge. The (APf , ν = 1) edge is equiva-
lent via particle-hole symmetry to a (Pf , ν = 0) edge. It
therefore consists of a backward propagating Majorana
fermion ψ and a backward moving charged chiral boson
φ1. [8] (We use the convention that the “forward” direc-
tion is clockwise for B ‖ zˆ). The (ν = 1, ν = 0) edge is
a simple IQH edge and consists of a single forward prop-
agating chiral boson φ2. The appropriate Lagrangian is
thus L = L1 + L2 + L12 where
L1 = iψ(∂tψ + vn∂xψ) + 2
4π
∂xφ1(−∂tφ1 − v1∂xφ1)
L2 = 1
4π
∂xφ2(∂tφ2 − v2∂xφ2)
L12 = − 2
4π
v12∂xφ1∂xφ2 (1)
and L12 encodes the repulsive density-density interaction
between the two branches.
To compute the thermal Hall conductance, we only
need to count the number of forward and back propa-
gating modes. In the above edge theory (1) there is one
backward propagating Majorana fermion, one backward
propagating chiral boson, and one forward propagating
chiral boson. The thermal Hall conductance is therefore
K˜H = −1/2− 1+ 1 = −1/2 (in units of pi
2k2B
3h T ). On the
other hand, the thermal Hall conductance of the Pfaffian
edge is KH = 1/2 + 1 = 3/2 (as it consists of a forward
propagating Majorana fermion and a forward propagat-
ing chiral boson). Since K˜H 6= KH , we conclude that the
two states must be in different universality classes.
An important feature of of the APf edge is that it is
necessarily a composite edge. That is, it always has at
least two modes moving in opposite directions, in addi-
tion to the required Majorana mode. This result cannot
be affected by any edge-reconstruction or disorder. In-
deed, suppose there were only one chiral boson mode and
one Majorana mode with directionalities η1, ηn = ±1. In
order to get the correct thermal Hall conductance we
must have η1 + ηn/2 = −1/2; at the same time the sign
of the electric Hall conductance implies η1 is positive.
These two constraints are incompatible. Satisfying them
requires introducing an additional counter-propagating
mode.
Random edge: While the clean edge theory (1) cap-
tures the universal properties and basic mode structure
of the minimal APf edge, it is missing a crucial dynam-
ical feature: it contains no mechanism for equilibration
between the forward propagating ψ and φ1 modes and
the backward propagating φ2 modes. In this section we
consider the effect of such physics. Our analysis closely
follows previous work on the disordered ν = 2/3 edge.
[9]
To describe such equilibration physics, we need to in-
clude a tunneling process in which an electron tunnels
from the ψ, φ1 edge to the φ2 edge. In the above nota-
tion, the operator ψe2iφ1 creates an electron on the ψ, φ1
edge while the operator e−iφ2 creates an electron on the
φ2 edge. Thus, the simplest and most relevant tunneling
term is ψe2iφ1+iφ2 - which moves a single electron from
the φ2 edge to the ψ, φ1 edge.
In a realistic edge we expect that such a tunneling
term will come in with a coefficient λ(x) which contains
a constant part λ0 and a spatially varying part δλ, due
to disorder. In the general case, the two charge modes
correspond to electrons with different momenta, and the
term λ0 will be unimportant, if it is sufficiently weak.
The random part can be important, however, if it has
Fourier components that match the momentum differ-
ence between the two modes. Thus, we are led to con-
sider only the tunneling due to disorder - which we model
by
Ltun = ψe2iφi+iφ2ξ(x) + h.c (2)
where ξ is a complex Gaussian random variable satisfying
〈ξ(x)ξ∗(x′)〉 = Wδ(x− x′).
The effect of weak disorderW can be analyzed by com-
puting the scaling dimension of the above tunneling op-
erator. The result is
∆ =
1
2
+
3/2− 2x√
1− 2x2 (3)
where x = v12/(v1 + v2). To determine whether the tun-
neling term is relevant or not, we need to analyze its
3behavior under an RG flow. The appropriate RG flow
equation for a spatially random perturbation in dimen-
sion 1 is dW/dl = (3−2∆)W . [10] We conclude that dis-
order is irrelevant for ∆ > 3/2 and relevant for ∆ < 3/2.
The two cases correspond to two different phases for the
APf edge. In the first phase, the edge physics is cap-
tured by the clean edge theory (1). In this phase the
edge modes do not equilibrate at T = 0. Much of the
physics - including the values of tunneling exponents -
is non-universal. In the second phase, disorder mediated
equilibration plays an important role. In the next sec-
tion, we analyze this disorder dominated phase.
Disorder dominated phase with emergent SO(3) sym-
metry : It is convenient to make a change of basis from
the φ1, φ2 fields to a neutral field φσ and a charged field
φρ defined by
φσ = 2φ1 + φ2, φρ = φ1 + φ2 (4)
Rewriting the Lagrangian in terms of the new fields, we
find L = Lρ + Lσ + Lρσ where
Lρ = 2
4π
∂xφρ(∂tφρ − vρ∂xφρ)
Lσ = 1
4π
∂xφσ(−∂tφσ − vσ∂xφσ) + iψ(∂tψ + vn∂xψ)
Lρσ = − 2
4π
vρσ∂xφρ∂xφσ (5)
The tunneling can also be rewritten as
Ltun = ψeiφσξ(x) + h.c (6)
It is useful to think of the chiral boson φσ as a chiral
fermion ψσ = e
iφσ . This fermion can in turn be thought
of as two Majorana fermions. Thus altogether, the edge
contains three backward propagating neutral Majorana
fermions along with a forward propagating charged boson
φρ. This triplet of Majorana fermions is defined by ψ1 =
ψ, ψ2 = e
iφσ + e−iφσ , ψ3 = −i(eiφσ − e−iφσ ).
The physics of the edge is particularly simple in the
Majorana fermion description. Consider the tunneling
term Ltun. It can be written
Ltun = ψT (~ξ(x) · ~L)ψ (7)
where ~ξ = Re(ξ)yˆ/2 + Im(ξ)zˆ/2 and Lx, Ly, Lz are the
three generators of SO(3). The effect of this coupling is
to mix the three modes so that, at length scales larger
than the mean free path, they propagate with the same
average velocity v¯ = (vn + 2vσ)/3. The other effect of
the tunneling term is to suppress the coupling Lρσ be-
tween the three Majorana modes and the charged boson
φσ. Indeed, Lρσ breaks the SO(3) symmetry between
the modes and thus “averages to zero” in the presence of
the random mixing term Ltun. The end result is that the
three Majorana modes decouple from the charged boson
φρ and propagate at the same velocity, −v¯. The disorder
dominated edge thus contains an emergent SO(3) sym-
metry.
To understand this physics more quantitatively, we
rewrite the Lagrangian in terms of the three Majorana
fields. The result is L = Lρ + L0 + Lanis where
L0 = iψT (∂tψ + v¯∂xψ − i(~ξ(x) · ~L)ψ) (8)
describes an SO(3) symmetric triplet of Majorana
fermions with random quadratic coupling and Lanis con-
tains the anisotropic terms
Lanis = iψT (δv)∂xψ − ∂xφρψT (~vI · ~L)ψ (9)
Here, δv is the velocity-anisotropy matrix δv = diag(vn−
v¯, vσ − v¯, vσ − v¯) and ~vI = vρσxˆ/8π.
In the following, we argue that, because of the random
coupling ~ξ(x), the anisotropic couplings Lanis are irrel-
evant. Thus, at least for small anisotropy vn ≈ vσ and
small coupling vρσ, the disordered APf edge will flow to
the SO(3) symmetric fixed line described by L = Lρ+L0.
To see this, it is useful to make the change of variables
ψ′(x) = R(x)ψ(x) where
R(x) = P exp(− i
v¯
∫ x
−∞
dy ~ξ(y) · ~L) (10)
and P denotes the path ordering operator. In terms of
the rotated fields ψ′, L0 is simply
L0 = iψ′T (∂tψ′ + v¯∂xψ′) (11)
Thus, the fixed line Lagrangian contains three Majorana
fermion modes propagating at the average velocity −v¯,
and a completely decoupled charged boson φρ.
Now consider the effect of small anisotropy Lanis.
Writing Lanis in terms of the ψ′ fields gives
Lanis = iψ′T (δv′(x))∂xψ′ − ∂xφρψ′T (~v′I(x) · ~L)ψ′
− ψ′T (δv
v¯
~ξ(x) · ~L)ψ′ (12)
where the the effective couplings δv′(x) = R(x)δvR−1(x),
~v′I(x) = R(x)~vI are now spatially dependent.
It is not hard to see that these terms are irrelevant.
Consider, for example, the first term, ψ′T∂xψ
′. Its scal-
ing dimension is ∆ = 2. On the other hand, its spa-
tial coefficient is not uniform: δv′(x) is spatially de-
pendent and random due to the random nature of the
rotation R(x). Thus the appropriate RG flow equa-
tion for this term is the flow equation for the mean
square average Wδv′ = 〈δv′(x)2〉. Since this equation is
dWδv′/dl = (3−2∆)Wδv′ [10], the first term is irrelevant.
In the same way, one can show that the second term in
(12) is irrelevant. As for the third term, it is unimportant
since it simply renormalizes the disorder ~ξ(x).
Tunneling exponents for a point contact: In this sec-
tion we compute tunneling exponents for the APf edge
in the disorder dominated phase, and compare with the
corresponding exponents for the Pf edge. To begin,
consider the most general quasiparticle creation oper-
ator for the anti-Pfaffian edge (1). From the decom-
position of (1) into the Pf -like edge L1 and the IQH
edge L2, the most general creation operator is of the
form Oχ,n1,n2 = χein1φ1+in2φ2 where n2 is an integer,
χ = I, σ, ψ ranges over the three fields in the chiral Ising
model, and n1 is either an integer or a half-integer de-
pending on whether χ = 1, ψ or χ = σ. This operator
creates an edge excitation with charge q = (n1/2− n2)e.
4The relevant quantity for analyzing tunneling across
a point contact is the exponent g defined by 〈O(x, t =
0)O(x, t)〉 ∼ t−g. [11] This quantity can be computed
easily along the SO(3) symmetric fixed line. The reason
is that both operators are measured at the same point x
and thus the random rotation R(x) does not enter into
the problem. We can thus ignore disorder and compute
the correlation function in the original bosonic repre-
sentation of the edge Lagrangian (5), setting vρσ = 0,
vσ = vn, Ltun = 0. We find g(χ, n1, n2) = gχ + (n1 −
n2)
2 + (2n2 − n1)2/2, where gI = 0, gσ = 1/8, gψ = 1.
We now use this result to compute the temperature
dependence of the tunneling current δI across a weak
constriction. The tunneling current is controlled by pro-
cesses where quasi-particles tunnel from one edge of the
Hall bar to the other. The dominant contribution comes
from the (charged) quasi-particle creation operator with
the smallest exponent g. For our case, the smallest ex-
ponent is gq = 1/2, obtained by σe
iφ1/2 (as well as
other operators). The temperature dependence of the
tunneling current (for voltage V ≪ kBT/e) is therefore
δI ∼ T 2gq−2 = T−1 [11]. Note that this is different from
the result for the Pf edge. In that case, gq = 1/4 so the
tunneling current behaves as δI ∼ T−3/2. [8]
One could also consider the limit of a strong constric-
tion where the relevant tunneling current is between two
separate APf droplets. However this geometry is not
as useful for distinguishing the two states. Indeed, in
this limit, the tunneling current is controlled by processes
where electrons tunnel from one anti-Pfaffian droplet to
the other. One can check that in both the Pf and APf
states the smallest exponent for an electron creation op-
erator is ge = 3. Thus, in both cases the temperature de-
pendence of the tunneling current is Itun ∼ T 2ge−2 = T 4.
[8]
Recently, Miller et al [12] observed a zero bias re-
sistance peak for current flowing through an f ≈ 5/2
constriction, separating two ν = 3 bulk regions. Given
the exponents found above (in particular, the fact that
gq,Pf < gq,APf ), and using a simple model for the con-
striction [13], this peak appears consistent with a Pf -like
5/2 state but not an APf -like 5/2 state. In the latter
case, “forward scattering” of quasiparticles between the
two boundaries with ν = 3 should be more important at
low voltages than “back-scattering” between the vacuum
edges, leading to a zero bias minimum.
Quasiparticle statistics: In this section we investigate
the properties of the quasiparticle excitations in the APf
state. To this end, note that each excitation a˜ of the
APf state is particle-hole conjugate to an excitation a
of the Pf state. From the properties of particle-hole
symmetry, a˜ carries the opposite charge from its particle-
hole conjugate: qa˜ = −qa. Also, it carries the opposite
braiding statistics: θa˜b˜ = −θab where θa˜b˜ (θab) is the
phase associated with braiding a˜ (a) around b˜ (b). These
relations completely determine the excitation spectrum
for the APf state. Its basic structure is quite similar to
the Pf state - it contains a charge e/4 quasihole σ˜ with
non-abelian statistics, a neutral fermion ψ˜, etc.
However, we would like to emphasize that the excita-
tion spectrum is physically distinguishable from the Pf
state. For example, one can check that the phase as-
sociated with exchanging two charge e/4 quasiholes is
different for the two states. In the Pf state, the phase is
1 if the two quasiholes are in the I fusion channel and i if
they are in the ψ fusion channel [14]; in the APf state,
the phase is again 1 in the I channel, but it is −i in the
ψ channel (for an appropriate orientation convention).
This difference in quasiparticle statistics is measurable
in principle, and provides another distinction between
the topological orders in the two states. However it is a
subtle effect that would not be detectable in the recently
proposed interferometry experiments, [15, 16].
Implications for numerics: Suppose the ground state
of the idealized PH-symmetric model for ν = 5/2 is Pf -
like (or APf -like). Then, a finite size calculation on
a torus with an even number of electrons should yield
2 ·6 = 12 nearly degenerate ground states - 6 correspond-
ing roughly to “even” combinations of Pf -like and APf -
like states, and 6 corresponding to “odd” combinations.
Numerical calculations are consistent with this picture,
but for the largest sizes studied to date, the energy gap
separating the two sets of 6 states is not small and it
has not been possible to check that the gap diminishes
with increasing system size. [17] Note that this effect is
not present on a finite sphere, since in that geometry the
Pf and APf states actually occur at different electron
numbers. [4]
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